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Abstract 



In [19 1 Lu showed that any dynamical r-matrix for the pair (g,u) nat- 
urally induces a Poisson homogeneous structure on G/U. She also proved 
that if g is complex simple, u is its Cartan subalgebra and r is quasitrian- 
gular, then this correspondence is in fact 1-1. In the present paper we find 
some general conditions under which the Lu correspondence is 1-1. Then 
we apply this result to describe all triangular Poisson homogeneous struc- 
tures on G/U for a simple complex group G and its reductive subgroup U 
containing a Cartan subgroup. 



1 Introduction 

The notion of a Poisson-Lie group was introduced almost 20 years ago by Drinfeld 
in 0]. Its infinitesimal counterpart, Lie bialgebras, were introduced in the same 
paper and later it was explained that these objects are in fact quasiclassical limits 
of quantum groups (see f|). Lie bialgebra structures on a Lie algebra q are in 
a natural 1-1 correspondence with Lie algebra structures on the vector space 
-D(fl) — © 0* with some compatibility conditions. D(g) with this Lie algebra 
structure is called the double of the Lie bialgebra q. 



*Research was supported in part by CRDF grant UM1-2091 and the Royal Swedish Academy 
of Sciences. 
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The most popular and important class of Lie bialgebras is the class of quasi- 
triangular Lie bialgebras (see ||). They can be defined by an element r e g ® g 
(called the classical r- matrix) such that 



21 



Q := r + r 

is g-invariant, and the classical Yang-Baxter equation (CYBE) 

[ r 12 )r 13 ] + [r 12 ;r 23 ] + [r 13 ;r 23 ]=0 

is satisfied. If r is skew- symmetric, then one says that the corresponding Lie 
bialgebra is triangular. In general, A := r — ^ (i.e., the skew-symmetric part of 
r) satisfies the modified CYBE 

[A 12 , A 13 ] + [A 12 , A 23 ] + [A 13 , A 23 ] = ^[Q 12 ,n 23 ]. 

It is well known (and can be easily shown) that if g is a complex simple finite- 
dimensional Lie algebra, then any Lie bialgebra structure on g is quasitriangular. 
For the case Q 7^ ( "quasitriangular case in the strict sense" ) they were classified 
by Belavin and Drinfeld, see [l], [|. The triangular case was studied in |22|, ^3|, f24j] . 



In the paper |25] it was shown that for such g there are only two possible 
structures of the D(g). In the triangular case D(g) = g[e) = g ©ge, where e 2 = 
and otherwise, -D(g) = gxg (and g is embedded diagonally into gxg). Then it 
is clear that skew-symmetric solutions of the CYBE (resp. the modified CYBE 
with Q 7^ 0) are in a 1-1 correspondence with Lagrangian subalgebras t in g[e] 
(resp. in gxg) such that [ fl g = 0. 

Along with the Poisson-Lie groups it is natural to study their Poisson actions. 



The notion of Poisson action was introduced by Semenov-Tian-Shansky in [^T 
Poisson homogeneous spaces are of our special interest. Drinfeld in [|] gave a 
general approach to the classification of Poisson homogeneous spaces. Namely, 
he showed that if G is a Poisson-Lie group, g is the corresponding Lie bialgebra, 
then Poisson homogeneous G-spaces are essentially in a 1-1 correspondence with 
G-orbits on the set of all Lagrangian subalgebras in D(g). A classification of 
Lagrangian subalgebras in some important cases (including the case g is complex 



simple, D(g) = gxg) was obtained in [|T(], |17], [II 

At the same time an important generalization of the CYBE, the dynami- 
cal classical Yang-Baxter equation, was introduced in physics and mathemat- 
ics. Notice that this equation is defined for a pair (g,u), where u is a subalge- 
bra of g. From the mathematical point of view it was presented by Felder in 
|T3l , |Hj1 . This equation and its quantum analogue were studied in many papers, 
see H [10], ^0], ^6], First classification results for the solutions of the clas- 
sical dynamical Yang-Baxter equation (dynamical r-matrices) were obtained by 
Etingof, Varchenko, and Schiffmann in pH| , |2"0"[ . 
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Later Lu |19| found a connection (which is essentially a 1-1 correspondence) 
between dynamical r-matrices for the pair (g, u) (where u is a Cartan subalgebra 
of the complex simple finite-dimensional algebra g), and Poisson homogeneous 
G-structures on G/U. Here U C G are connected Lie groups corresponding 
to u C g, and G is equipped with the standard quasitriangular (with Q ^ 0) 
Poisson-Lie structure. 

Lu also noticed that this connection can be generalized to the case u is a sub- 
space in a Cartan subalgebra (with some "regularity" condition). The dynamical 
r-matrices for the latter case were classified by Schiffmann in p0| . In this case 
connections between dynamical r-matrices and certain Lagrangian subalgebras 
can be derived directly from |20| . 

Now let G be a connected complex semisimple Lie group, and let U be its 
connected subgroup. Suppose u C g are the corresponding Lie algebras. In the 
present paper we consider connections between Poisson homogeneous structures 
on G/U related to the triangular Poisson-Lie structures on G (i.e., with Q = 
0), where U is a reductive subgroup containing a Cartan subgroup of G, and 
triangular dynamical r-matrices for the pair (g, u). 

In fact, our results are based on a general result on relations between classical 
dynamical r-matrices and Poisson homogeneous structures (see Theorem |12|) , 
which is valid also in the quasitriangular case. Notice that the results of Sections ^| 
and|3| can be used to describe a 1-1 correspondence between dynamical r-matrices 
for the pair (g, u), where u C g is a Cartan subalgebra, and Poisson homogeneous 
G-structures on G/U, where G is equipped with any quasitriangular (with Q ^ 0) 
Poisson-Lie structure (of course the latter result is due to Lu). Our approach is 
based on some strong classification results for dynamical r-matrices given recently 
by Etingof and Schiffmann in 0. 

The paper is organized as follows. In Section || we describe a correspondence 
between the (moduli space of) dynamical r-matrices for a pair (g, u) and Poisson 
homogeneous G-structures on G/U proving that under certain assumptions it is 
a bijection. In Section [5] we consider a procedure of twisting for Lie bialgebras 
and examine its impact on the double D(g) and Poisson homogeneous spaces 
for corresponding Poisson-Lie groups. Then we use the twisting to weaken some 
restrictions needed in Section |2|. In Section [| we consider the basic example of our 
paper: g is semisimple, u C g is a reductive Lie subalgebra that contains some 
Cartan subalgebra of g, and the Lie bialgebra structure on g is triangular (i.e., 
D(q) — q[s\). In Appendix A we present a general approach to the description of 
all Lagrangian subalgebras in g[e] and give a direct classification of the Lagrangian 
subalgebras I C q[e] such that [ n Q — U. In Appendix B we describe a method 
that allows to get constant r-matrices from dynamical ones. 
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2 Classical dynamical r-matrices and Poisson 
homogeneous spaces 

In this section we assume g to be any finite-dimensional Lie algebra over C. 
Let G be a connected Lie group such that LieG = g. Let u C g be a Lie 
subalgebra (not necessary abelian). By U denote the connected subgroup in G 
such that Lie U = u. We propose (under certain conditions) a connection between 
dynamical r-matrices for the pair (g, u) and Poisson structures on G/U that make 
G/U a Poisson homogeneous G-space (for certain Poisson-Lie structures on G). 



Note that this connection was first introduced by Jiang- Hua Lu in [19] for the case 
g is simple, u is a Cartan subalgebra, and the dynamical r-matrix has non-zero 
coupling constant. Our result is inspired by |L9| . 



In order to recall the definition of the classical dynamical r-matrix we need 
some notation. Let basis of u. By D denote the formal neigh- 

borhood of in u*. By functions from D to a vector space V we mean the 
elements of the space U[[xi, ...,x r ]], where Xj are regarded as coordinates on D. 
If u G Q k (D,V) is a /c-form with values in a vector space V, we denote by 
ZJ : D — > A fe u ® V the corresponding function. Finally, for an element r £ q 
we define the classical Yang-Baxter operator 



CYB(r) = [r i2 ,r id ] + [r v \r 23 ] + [r 16 ,r 26 ]. 

Recall that a classical dynamical r-matrix for the pair (g, u) is an u-equivariant 
function r : D — > g®g that satisfies the classical dynamical Yang-Baxter equation 
(CDYBE): 

Alt(dr) + CYB(r) = 0, (1) 



where for x 6 g® 3 , we set Alt(x) = x 123 + x 231 + x 312 (see [|, |9|, [ID]). Usually one 
requires also an additional quasi-unitarity condition: 

r + r 21 = n e {S 2 q) s . 

Note that if r satisfies the CDYBE and the quasi-unitarity condition, then Q is 
a constant function. 

Suppose Q G (>S 2 g) 9 . Let us denote by Dynr(g,u, Q) the set of all classical 
dynamical r-matrices r for the pair (g, u) such that r + r 21 = Q. 
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Denote by Map(D,G) u the set of all regular u-equivariant maps from D to 
G. Suppose g G Map(D, G) u . For any u-equivariant function r : D — > q ® q set 



r 



9 - (Ad 9 (8) Ad 9 ) (r - rfg + % 21 + r g ) 



where r] g = g _1 dg, and r g (A) = (A <g> 1 <g> l)([f^ 12 ,r^ 13 ](A)). Then r is a classi- 
cal dynamical r- matrix iff r 9 is (see 0). The transformation r t— > r 9 is called 
a gauge transformation. It is indeed an action of the group Map(D, G) u on 
Dynr(g,u,fi) (i.e., (r 91 ) 92 = r 9291 ). Following @ denote by M(q,u,Q) the mod- 
uli space Map (.D, G) u \Dynr(g, u, Q), where Map (D, G) u is the subgroup in 
Map(D, G) u consisting of maps g satisfying g(0) = e. 

In what follows we need some notation. Suppose a G g® k . By ~~ct (resp. *a~) 
denote the left (resp. right) invariant tensor field on G corresponding to a. 

Suppose p G g <E> satisfies the classical Yang-Baxter equation (CYBE), i.e., 
CYB(p) = 0. Assume also that p + p 21 = Cl (i.e., p = § + A, where A G A 2 g). 
Introduce a bivector field 7T P = ~ff — "pT = A — A on G. It is well known that 
(G, Tip) is a Poisson-Lie group. 

Now let r G Dynr($j,u, fi). We have r = f + A, where A G A 2 g. Set 

7r r := r(0) — *~p~ = A(0) — A . Consider a bivector field ir r on G/Z7 defined by 
7T r (g) = p*ft r (g), where p : G — > is the natural projection, and g = p(g). 
Note that Tr r is well defined since r(0) G (0 ® fl) u . 

The following proposition belongs to Jiang-Hua Lu |19| (note that in it 



is stated for the case q is simple, u is a Cartan subalgebra, but the proof fits the 
general case). 

Proposition 1. The bivector field 7t r is Poisson, and (G/U, 7r r ) is a Poisson 
homogeneous (G, 71 p ) -space. □ 



Proposition 2. Suppose g G Map (D, G) u . Then ix r = 7r rS . 

Proof. Since (G/U,ix r ) is a Poisson homogeneous (G, 7r p )-space, we see that n r 
depends only on 7T r (e) = the image of r(0) — p in A 2 (g/u). Thus it is enough to 
note that r 9 (0) - r(0) Gu®g + j®u. □ 

Corollary 3. 27je correspondence r 1— ► 7i> defines a map from A4(q,u, Q) to the 
set of all Poisson (G, 7T P ) -homogeneous structures on G/U. □ 

Suppose now that the following conditions hold: 

(a) u has an u-invariant complement m in q (we fix one). 

(b) Q g (u®u) © (m®m). 

(c) p G § + (A 2 m) u . 
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Theorem 4. Under the assumptions above the correspondence r i— > n r is a bisec- 
tion between A4(q,u,Q) and the set of all Poisson (G, it p ) -homogeneous structures 
on G/U. 

The rest of this section is devoted to the proof of Theorem |j. First we recall 
some results from ||. Assume that (a) holds. Set 



M n = < x G " + (A 2 m) u 



CYB(x) = in A 3 (g/u) } . 



Theorem 5 (Etingof, Schiffmann H). 1. Any class C G u, Q,) has a 

representative r G C such that r(0) G .M^. Moreover, this defines an embedding 
M(g,u,Q) -> .M n . 

Assume that (b) holds. Then the map A4(q,u,Q) — ► .A/f^ defined above is 
a bijection. □ 

Now suppose 6 G (A 2 (g/u)) u = (A 2 m) u . Set 7r (#) = (X g )*& + p*7T p (g). Since 
p is u-invariant, we see that 7r p (g) = for g G Z7; therefore 7r is a well-defined 
bivector field on G/Z7. 

Proposition 6. T7ie bivector field n is Poisson iff CYB(p + b) = in A 3 (g/u). 

Proof. Set a = A + b. Define a bivector field tt on G by the formula tt = it — A . 
Note that tt — b + tt p , therefore 7r = p^n. Let us normalize the Schouten bracket 
of the bivector fields on G in a way that [~af , ~af] = CYB(x) for all x G A 2 g. Then 
we have 

[tt, fr] = [V, a>] - 2["o > , "A ] + [X "A ] = CYB(aj - CYB(A). 

Since p = f + A satisfies the CYBE, we see that CYB(A) = ±[ft 12 , fi 23 ] G (A 3 g) . 
Thus 

[tt, tt] = CYB(a) - i[fi 12 , ft 23 ] = CYB ^~ + a^j = CYB(p + fej. 

To finish the proof it is enough to note that [n, n] = p*[tt, tt]. □ 

Proof of Theorem^. Let us construct the inverse map. Suppose (G/U, it) is 
a Poisson homogeneous (G, 7r p )-space. Set b = 7r(e) G A 2 (g/u) = A 2 m. The 
condition (c) implies that in fact b G (A 2 (g/u)) u = (A 2 m) u . Furthermore, (c) 
yields that p + b G § + (A 2 m) u . By Proposition |], we have CYB(p + b) = in 
A 3 (g/u), i.e., p + b G A^n- Then, by Theorem BL there exists r G Dynr(g,u, fl) 
such that r(0) = p + b, and the image of r in (g, u, Q) is uniquely determined. 
It is now easy to verify that n = n r . □ 
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3 Twisting of Poisson homogeneous structures 



Assume again that fl is an arbitrary finite-dimensional Lie algebra over C. Recall 
that a Lie bialgebra structure on q is a 1-cocycle 5 : g — > A 2 fl which satisfies the 
co-Jacobi identity. Denote by V(q,5) the classical double of (fl, 5). 

We say that two Lie bialgebra structures Si, S2 on g are in the same class 
if there exists a Lie algebra isomorphism / : T>(q, Si) — > T>(g, 8 2 ) which inter- 
twines the canonical forms Qi on V(g,Si), and such that the following diagram 
is commutative: 






V(q,Si) J - *V(q,5 2 ) 



Theorem 7. Two Lie bialgebra structures S, 5' on g are in the same class if and 
only if 5' = S + ds, where s G A 2 g and 

CYB(s) = Alt(5<8>id)(s). (2) 

Proof. (=>•) Let us consider T>(g, S). Then 5' is uniquely defined by a Lagrangian 
subalgebra 1 C T>(g, S) such that 1 fl g = 0. Clearly, I is the graph of a linear map 
S '■ 0* - 0- Define an element s = J2i s i ® s i' e ® v i & 

S(0 = 5> s *> s " ( 3 ) 

i 

for any / G fl*. Since I is Lagrangian, we see that s is skew-symmetric. Let us 
show that S' = S + (is. 

Indeed, for any a G fl, h, I2 G fl*, 

(S'(a), h ® l 2 ) = Q(8'(a), (S(h) + h) ® (5(/ 2 ) + l 2 )) = 
= Q(a, [S(l 1 ) + l 1 ,S(l 2 ) + l 2 ]) = 
= (a, [h, k]) + Q(a, [S(h), l 2 \) + Q(a, [h, S(l 2 )\), 

and 

(a, [li,l 2 \) = {5{a),h®l 2 ), 
Q(a, [S(h),l 2 ]) = ([a,S(h)},l 2 ) = {[l®a,s],k®l 2 ), 
Q(a, [h, S{1 2 )\) = -([a, S(l 2 )}, Zi> = -<[1 <8> a, s], l 2 ® h) = 
= ([1 ® a, s 21 ], l 2 ®li) = {[a® 1, s],k® l 2 ), 

where (• , •) is the canonical pairing between and fl*, and Q is the canonical 
bilinear form on D(q,8). 

Now let {e.i\ be an arbitrary basis in fl and {/*} be its dual in 0* C X>(fl, 5). 
Then the canonical element r$ = J2 i ei® f l G T>(g, <5)® 2 satisfies the CYBE and 
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fS' — r & + s satisfies the CYBE as well (since rg + s is the canonical element for 
the double T>(g,S')). It is easy to show that these two facts imply (H). 

(<=) s e A 2 g defines S : g* — >• g via (Q) and the graph of S is I C V(g,5), 
a Lagrangian subspace because s is skew-symmetric. Let us prove that for any 
Zi, Z 2 , h ^ 9*i 

(h ®l 2 ® h, CYB(s) - A\t(5 <g> id)(s)) = Q([Z a + S(Z X ), Z 2 + S(Z 2 )], Z 3 + S(Z 3 ))- 
Let us verify that, for instance, 

(h ® z 2 ® z 3 , [* 12 , * 13 ]> = OTi, S(/ 2 )], 5(Z 3 )). 

Indeed, if s = ^ ® s", then we have 
and 

(/i (8 Z 2 ® h, is 12 , s 13 ]) = (h, J^M, hWi, <*J, hWj\) = 
= Q(hMh), S(l 3 )}) = Q([h, S(h)], S(h)). 

Similarly, 

-(h ® Z 2 ® /a, (5 ® id)(s)> = -([Zi, Z 2 ] ® Z 3 , s> = ([Z l5 Z 2 ], 5(Z 3 )) = Q([Z 1; Z 2 ], 5(Z 3 )), 

and so on. Since Q([h, Z 2 ], Z 3 ) and Q([5'(Zi), 5'(/ 2 )], 5*(/ 3 )) vanish, the identity is 
proved. 

Now it follows that(2([Zi+£(Zi),Z 2 +S(Z 2 )],Z 3 +£(Z 3 )) = for any h, Z 2 , Z 3 e g*. 
Since [ is Lagrangian, we conclude that [h + 5'(Zi),Z 2 + 5(Z 2 )] G I and hence 1 is 
a subalgebra. Clearly, 1 defines 5' := 5 + ds, and this completes the proof of the 
theorem. □ 

Remark 8. If we consider our Lie bialgebra (g, 5) as a Lie quasibialgebra, then 
(0, 5+ds) is called "twisting via s" . The notions of Lie quasibialgebra and twisting 
via s was introduced by Drinfeld in |J. The theorem above can be also deduced 
from results of 0. 

Further, we are going to examine the effect of the twisting on Poisson homo- 
geneous spaces. First we recall some definitions and rather well-known results. 

Let G be a connected complex Poisson-Lie group, (g, 5) its Lie bialgebra, 
and T>(g) = T>(g, 5) the corresponding classical double of g with the canonical 
invariant form Q. 
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Recall that an action of G on a Poisson manifold M is called Poisson if the 
defining map G x M — > M is a Poisson map, where GxMis equipped with the 
product Poisson structure. If the action is transitive, we say that M is a Poisson 
homogeneous G-space. 

Let M be a homogeneous G-space, and let 7r be any bivector field on M. For 
any x G M let us consider the map 

■k x : TIM -> T X M, 7r x .(Z) = (Z ® id)(7r(x)). 

On the other hand, M = G/^ and T X M = g/f) x , T*M = (g/y* = f)£ C 0*, 
where if^ is the stabilizer of x, and f) x = Liei^. Therefore we can consider tt x 
as a map ir x : fj£ -> g/f^. 

Now let us consider the following set of subspaces in X>(g) = g © g*: 

l x = {a + Z | a G g, Z G f)^, tt^Z) = a}, (4) 

where a is the image of a in g/f) x . Observe that \ x are Lagrangian (i.e., maximal 
isotropic) subspaces, and l x fl g = f)a;. The following result was obtained in 0. 

Theorem 9 (Drinfeld 0). (M, tt) a Poisson homogeneous G-space if and 
only if for any x G M the subspace l x is a subalgebra ofV(g), and l gx = Ad g l x 
for all g G G. □ 

Now set 5' = 5 + ds, where s G A 2 g satisfies (0). Then we have two Poisson- Lie 
groups, (G, TTg) and (G, ir§'), whose Lie bialgebras are (g, 5) and (g, 5') respectively. 
Let (M, 7r) be a Poisson homogeneous (G, 7r,5)-space. Consider a bivector field £ 
on M defined by the formula £(x) = the image of s in A 2 (g/t) x ) = A 2 T X M. Set 

Tl' = 7T — £. 

Proposition 10. (M, 7r') zs a Poisson homogeneous (G,tts>)- space, and thus 
one obtains a bisection between the sets of all Poisson (G,tts)- and (G,ns')- 
homogeneous structures on M. 

Proof. Theorem [7] allows one to identify T>(q, 5) and T>(q, 5'). It is easy to verify 
that under this identification the sets of Lagrangian subspaces that correspond 
to (M, 7i") and (M, tt') are the same. This completes the proof, according to 
Theorem ^. □ 

Finally, we are going to generalize the main result of the previous section 
to the twisted case. Assume that (g, 6) is a quasitriangular Lie bialgebra, i.e., 
5 = dp, where p G g <S> g and CYB(p) = 0. It is easy to verify that the condition 
(H) for an element s G A 2 g is equivalent to 

CYB( S ) + [p, S ] + [ S ,p] = 0, (5) 

where for a, b G g® 2 we set [a, bj = [a 12 ,b 13 ] + [a 12 ,6 23 ] + [a 13 ,6 23 ] G g 03 (i.e., 
CYB(a) = [a, a]). 
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Fix Q G (S^g) and assume that p G |r + A 2 g. As before, consider the Poisson- 
Lie group (G,7Ts), where 11$ = n p = ~p* — 4 /T. Suppose s G A 2 g satisfies (|J). Set 
5' = 5 + ds = d(p + s); then ns' = vr PiS := p + s — p + s, and (G,ir PjS ) is a 
Poisson-Lie group. 

Let U be a connected Lie subgroup in G, and u = Lie U. Consider 
r G Dynr(g,u, fi). As usually, set n r = r(0) — *p~ and denote by n r the natural 
projection of n r on G/Z7. By Propositi on [Ij, (G/U, 7iy) is a Poisson homogeneous 
(G, 7T p )-space. Set also 7f rjS = 7T r — = r(0) — p + s and denote by 7r rjS its projec- 
tion on G/U. According to Proposition [10|, (G/U, 7r r s ) is a Poisson homogeneous 
(G, 7r PjS )-space. 

Moreover, if we combine Theorem ^ and Proposition 10], we get the following 



Theorem 11. Assume that u, Q, and p satisfy the conditions (a), (b), and (c) 
from the previous section. Then the correspondence r i— > 7r r s is a bisection between 
Ai(g,u,Q) and the set of all Poisson (G,TT PtS ) -homogeneous structures on G/U. 
□ 

Clearly, this can be reformulated as follows: 

Theorem 12. Assume that u and Q satisfy the conditions (a) and (b) from the 
previous section. Suppose also that there exists s G A 2 $j such that holds, and 
p + s G ^ + (A 2 m) u . Then the correspondence r i— > n r is a bijection between 
M.(q, u, fl) and the set of all Poisson (G, 7r p ) -homogeneous structures on G/U. □ 

Let us apply our previous results to the triangular case. 

Corollary 13. Assume that u satisfies the condition (a) from the previous sec- 
tion. Set Q = 0. Consider any p G A 2 $j that satisfies the CYBE. Then the 
correspondence r i— > n r is a bijection between Ji4(g,u, ft) and the set of all Pois- 
son (G, n p ) -homogeneous structures on G/U. 

Proof. Set s = —p and apply Theorem [12]. □ 

4 Poisson homogeneous structures in the trian- 
gular case 

Now assume that q is semisimple. Fix a Cartan subalgebra f) C Q and denote 
by R the corresponding root system. In this section we apply the results of the 
previous sections to the case u is a reductive Lie subalgebra in q containing f), 
tt = 0, and p G A 2 fl such that CYB(p) = 0. 

To be more precise, consider U C R, and suppose u = f) © (© ae u 0a) ^ s 
a reductive Lie subalgebra in g. If this is the case, then we say that a subset 
U C R is reductive (i.e., (U + U) n R C U and -U = U; see ]T5|, Ch. 6, §1.2]). 
Condition (a) is satisfied since m = © aeR \u Q a is an u-invariant complement to 
u in g. 



10 



Applying Corollary [13] (and results of Etingof and Schiffmann cited in Section 
|), we get: 

1. Any structure of a Poisson homogeneous (G, 7r p )-space on G/U is of the 
form p^ilt — 4r p)i where x G Ain- 

2. If x G .Mq, then there exists (a unique up to the Map (D, G) "-action) 
r G Dynr(g, u, fl) such that r(0) = x. 

Let us now describe .Mn and thus get an explicit description of all Poisson 
(G, 7T p )-homogeneous structures on G/U. Recall that in our case by definition 



We need to fix some notation. Fix a nondegenerate invariant bilinear form 
[invariant scalar product) (■ , •) on q. For any a G R choose E a G g a such that 
(E a , E_ a ) = 1. Further, suppose N is a reductive subset which contains U. We 
say that h G f) is (N, U) -regular if a(h) = for all a G U, and a(/t) 7^ for all 
a G N\U. 

Proposition 14. x G .Mn «if 



where N is a reductive subset in R containing JJ, and h G f) is (N, XJ) -regular. 

Proof. First we calculate (A 2 m) u . It is easy to see that x G A 2 m is f)-invariant iff 
it is of the form 



where X- a = —x a . 

Define c a p by the formula [E a , Ep] = c a pE a+ p for a, f3, a + [3 G R. 

Furthermore, suppose 7 G U. One can easily verify that the condition 
ad# (x) = is equivalent to the following statement: for all a, (3 G R\ U such 
that a + /3 + 7 = 0we have c a7 x Q = c^xp. 

Lemma 15. Suppose a, /3, 7 G R, a + /3 + 7 = 0. Then c ai + c^ = 0. 



Proof. c Q7 = c ai (E_p,Ep) = ([E a ,Ery],Ep) = (E a , [E 7 ,Ep]) = -c Pl (E a ,E^ a ) = 







—a: 



aeR\U 



-C/3 T 



□ 



Therefore we obtain 
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Lemma 16. x G (A 2 m) u iff 

x = ^ x a • E a ® E— a , 

aeR\U 

where X- a = —x a , and for all a, [3 G R \ U, 7 G U ; a + (3 + 7 = 0, we /iai>e 
X a + X/3 = 0. □ 

Lemma 17. Suppose 

x= ^ x a - E a (g) E_ a G (A 2 m) u . 

a£R\U 

Thenx G .M^ iff the following condition holds: for all a, /3, 7 G R\U, a+/3+7 = 
; we /lave + x^x 7 + x 7 x a = 0. 



Proof. One can check directly (using Lemma |T^) that the image of CYB(x) in 
A 3 ($j/u) = A 3 m is equal to 

2j C-a,-P {x a Xp + XpX-y + X^X a ) E a ® Ep® E^. 

a,/3,7GR\U, 
a+/3+7=0 

This immediately proves the lemma. □ 
Now consider the following properties of the function R \ U — > C, a 1— ► x Q : 

(d) = — s a for all a G R \ U. 

(e) If a, (3 G R \ U, 7 G U, a + /? + 7 = 0, then x a + = 0. 

(f) If a, /3, 7 G R \ U, a + (3 + 7 = 0, then x a xp + xpx^ + x 7 x a = 0. 

Lemma 18. x a satisfies (d)-(f) iff 

f l/a(/i), ifaGN\U 
a \ 0, if a G R \ N, l ' J 

/or a certain reductive subset N C R suc/i i/ia£ N D U, and (N, U) -regular 
element h G f). 

Proof. Suppose x a satisfies (d)-(f). Set N = U U {a G R \ U | x a 7^ 0}. Let us 
prove that N is reductive. Using (d), we see that — N = N. Further, suppose 
a, (3 G N, 7 G R, a + (3 + 7 = 0. We have to verify that 7 G N. If a, [3 G U, then 
also 7 G U C N (since U is reductive). If a G U, f3 G N \ U, then 7 G R \ U. 
Applying (e), we see that Xp + x 7 = 0. Since xp 7^ 0, we have x 1 7^ 0, i.e., 
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7 G N \ U. Finally, let a,/3 G N \ U. Assume also that 7 6 R\U (we have 
nothing to prove in the case 7 G U). Using (f), we see that x a 7^ 0, x@ 7^ imply 
that x 1 7^ 0, i.e., 7 G N \ U. 

Furthermore, set y a = l/x a for a G N \ U. Suppose a, (3, 7 G N \ U, 
a + /3 + 7 = 0. Then y a + Up + = according to (f). This means that 
y a = a{h) for some /i G f}. 

Finally, we prove that h is (N, U) -regular. By construction, a(h) 7^ for 
all a G N \ U. Now assume that 7 G U. Take any a G N \ U (note that if 
N = U, then we have nothing to prove here), and set (3 = — (a + 7). Obviously, 
P G N \ U. By (e), we have = x a + xp = l/a(h) + l/f3(h), i.e., 7(h) = 0. 

Conversely, if x a is of the form (0), then the conditions (e)-(f) can be verified 
without difficulties. □ 



The last lemma proves the proposition. □ 
Remark 19. We note that Lemmas [T7|, and are essentially contained in 



In ||, among other results, the symplectic G-invariant structures on G/U 
are classified if U is a Levi subgroup of G. Actually, in this case there exists a 
G-equivariant symplectomorphism from G/U to a semisimple coadjoint G-orbit 
equipped with the Kirillov-Kostant-Souriau bracket. 

Moreover, it is easy to show that if G/U has a G- invariant symplectic struc- 
ture, then U is a Levi subgroup. Indeed, let p*x~^t (where in, k is defined by 
(H)) be a G- invariant Poisson structure on G/U. Obviously, it is symplectic iff 
N = R. Since h is (R, U)-regular, i.e., a{h) = for all a G SpanU and a{h) 7^ 
for all a G R\ U, we see that (SpanU) fl R = U. It is well known that the latter 
condition is equivalent to the fact that U is a Levi subgroup. 

Let us also remark that the existence of reductive non-Levi subgroups is the 
main difference between the triangular and the strictly quasitriangular cases. 
Indeed, suppose U is a Cartan subgroup. Then in the triangular case the Poisson 
homogeneous structures on G/U relate to all reductive subgroups of G, while 
in the strictly quasitriangular case they relate to the Levi subgroups only (see 

MM)- 



Now we are going to describe the Lagrangian subalgebras corresponding to 
the Poisson (G, 7r p )-homogeneous structures on G/U. Since the Lie bialgebras 
corresponding to (G, tt p ) are all in the same class, we may assume without loss 
of generality that p = 0. It is clear that the double of our Lie bialgebras is 
g[e] = © 0£, where e 2 = (see Appendix A for details). 

Suppose p = 0. Assume that N and h are as in Proposition O. Set 7Tn h — 



P* x N,h> where % i h is defined by (y). By 1 N h denote the Lagrangian subalgebra 
corresponding to (G/U, 7Tn,/i) at the base point e. 
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Proposition 20. t N)h = u © (0 aeR \ N £ fla) © (©aer^ut 1 ~ a i h ) £ )8a) 
(cf. Proposition \2~dj below). 

Proof. By definition (see (|j)), 

ki,h = W + be | a G g, b G ir 1 = m, (b © l)(x N)ft ) = a}, 
where a is the image of a in g/u = m. Suppose b = E a , where a G R \ U. Then 

4~E a , ifaeN\U 



(»S !)<*».») = ( t,' if a € R \ N. 
This completes the proof. □ 



A Lagrangian subalgebras in g[e 

Let g be a semisimple complex Lie algebra, G a connected Lie group such that 
LieG = g. Fix an invariant scalar product (• , •) on g. Consider the complex Lie 
algebra g[e] = g ©c C[e] = g © ge, where C[e] = C[x]/(x 2 ) is the algebra of dual 
numbers. We identify g with g © 1 C g[e\. Equip g[e] with the invariant scalar 
product defined by 

(a + be, c + de) = (a, d) + (b, c). 

Then the pair (g[e], g) is a Manin pair. 

Recall that a Lie subalgebra [ C g[e] is called Lagrangian if it is a maximal 
isotropic subspace in g[e}. 

Let n C g be a Lie subalgebra, B be a C-valued 2-cocycle on n. By Pairs(g) 
denote the set of all such pairs (n, B). Define / : n — > n* by 

{f(x),y) = B(x,y) (8) 

(here we identify n* with g/n 1 - via (•,-})• O ne can easily see that / is a skew- 
symmetric 1-cocycle (with respect to the coadjoint action of n on n*). Set 

[(n, B) = {a + be \ a G n,b G g, f(a) = b} C g[e], 

where b is the image of b in n* = g/n -1 . Obviously, u := Kerf? = Ker/ is a Lie 
subalgebra in n. 

We denote by Lagr(g) the set of all Lagrangian subalgebras in g. Note that 
G acts naturally on Pairs (g) and on Lagr(g). 

Theorem 21. 1. t(n, B) is a Lagrangian subalgebra in g[e] and t(n, B) (1 g = u. 

2. The mapping (n, B) \— > t(n, S) is a G-equivariant bijection between 
Pairs(g) and Lagr(g). 
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Proof. Suppose I G Lagr(g). Denote by n the projection of I onto g along qe. 
Then I C n © ge and [ fl (ge) = n ± £. Consider 

I := [/(n^) C (n © 0£r)/(n- L e) = n © n*e. 

Since dim [ = dim [ — dim n -1 = dim g — (dim g — dim n) = dim n, we see that [ is 
the graph of a linear map / : n — > n*, i.e., 

I = {a + /(a)e | a G n}. 

This yields that 

[ = {a + be | a G n, 6 G g, f(a) = b} c g[e], 

where 6 is the image of 6 in n* = g/rr 1 . 

Now let a + be, c + c?£ G I (i.e., a,c & n, /(a) = 6, /(c) = J). Since I is a Lie 
subalgebra, we have 

[ 3 [a + be,c + de] = [a, c] + ([a, d] + [b, c])e. 

Therefore 

/([a, c]) = [a, rf] + [6, c] = [a, /(c)] + [/(a), c], 
i.e., / is a 1-cocycle. Since I is isotropic, we have 

= (a + be, c + de) = (a, d) + (b, c) = (a, /(c)) + (f(a), c), 

i.e., / is skew- symmetric. Finally, define B by (j8|). It is easy to check that B is 
a 2-cocycle. 

Conversely, l(n, B) is a Lie subalgebra since n is a Lie subalgebra and / is a 
1-cocycle (recall that / and B are connected via (||)); [(n, 5) is isotropic since 
/ is skew-symmetric; finally, l(n,B) is Lagrangian since dim l(n, B) = dimn + 
dimn* = dimg. 

The fact that l(n, B) fl g = u is obvious. □ 
Now fix a Lie subalgebra u C g. Set 

Pairs(g, u) = {(n, B) G Pairs(g) | n D u, Ker B = u}, 

Lagr(g, u) = {( G Lagr(g) | [ n g = u}. 

Denote by N(u) the normalizer of u in G. Clearly, N(u) acts on Pairs(g,u) and 
Lagr(g,u). 

Corollary 22. The mapping (n,B) \— > [(n, B) is a N(u)-equivariant bijection 
between Pairs(g, u) and Lagr(g, u). □ 



15 



As before, fix a Cartan subalgebra I) C g, and denote by R the corresponding 
root system. Consider a reductive subset U C R and set u = \) © ((& aGV Q a )- 
We would like to describe more explicitly the set Lagr(g,u). By Corollary |22|, it 
is sufficient to describe the set Pairs(g,u). 

Theorem 23. Suppose (n,B) G Pairs(g). Then (n, B) G Pairs(g, u) if and 

only z/n = f) © (© aeN 0«) a reductive Lie subalgebra in q that contains u, and 
B(x,y) = (h, [x,y]) (i.e., B is a 2-coboundary), where h G f) is (N, U) -regular 
(for the definition see the previous section). 

Remark 24. Suppose h G f). It is clear that B(x,y) = (h, [x,y]) depends only 
on the image of h in where 3(11) is the center of n. Note also that ^(n) = 

{h G t) I a(h) = for all a G N}. 

Proof of Theorem |I?3|. Suppose (n, B) G Pairs(g,u), i.e., n D u, Ker B = u. 
Since n D fj, we see that n = fj © (0 aeN 0a) for some N C R. Clearly, U C N. 

Lemma 25. If a, /3 eN, a + (3 7^ 0, then B(x,y) = for all x G g a , y G Qp. 

Proof. If x G Q , ?/ G 0/3, /i G f), then, since B is a 2-cocycle, we have B([x, y],h) + 
B([y, h],x) + B([h, x], y) = 0, i.e., B(h, [x, y]) = (a + (3){h) ■ B(x,y). Since 
Ker B D f) and a + [3 7^ 0, we see that B(x, y) = 0. □ 

Now we continue the proof of the theorem. If a G N, but —a ^ N, then, 
by Lemma we see that Q a C Ker B = u. Then ±a G U C N because U is 
reductive. This contradiction proves that — N = N, i.e., n is reductive. 

Let us prove that B is a 2-coboundary. Recall that H 2 (n, C) = A 2 3(n) (see 
[|l2]j ). To be more precise, any 2-cocycle B can be presented uniquely in the form 
B' + B", where B' is a 2-coboundary, and B"(x,y) = (u,x <S>y) for u G A 2 3(n). 
Assume that B" 7^ 0. Then there exists a G 3(n) C f) such that a ^ Ker 5". Since 
B' is a 2-coboundary, we see that a G Keri?'. Therefore a ^ Ker B, and we get 
a contradiction. This means that B(x,y) = (h, [x,y]), where h G n. 

It remains to prove that h is a (N, U)-regular element of f}. Suppose a G N, 
x G g Q , /i' G (}. Since Ker B D (), we have = B(h', x) = (h, [h! , x}) = a(h')-(h, x). 
Therefore h is orthogonal to Q a for all a G N. This implies that h G f). 

If a G N, x G a , y G n, then B(x,y) = ([h,x],y) = a{h) ■ (x,y). This shows 
that a C Ker B iff = 0. Therefore Ker B — u iff h is (N, U)-regular. 

The converse statement of the theorem can be verified directly. □ 

Suppose N is a reductive subset in R containing U. By n denote the reductive 
Lie subalgebra in that corresponds to N. Consider a (N, U)-regular element 
h G f). Denote by B the 2-coboundary which corresponds to h (see Theorem | 

Proposition 26. l(n,B) = t) © (0 QeR \ N £0a) © (0 a6N (l + a(h)e)g a ^ 
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Proof. Direct calculations. 



□ 



B From dynamical to constant r-matrices 

In this appendix we describe a procedure that leads from dynamical to constant 
r-matrices. 

Let q be any complex finite-dimensional Lie algebra, u C a Lie subalgebra. 
Assume that there exists a Lie subalgebra OCg such that g = u © as a vector 
space. Let r be a classical dynamical r-matrix for the pair (g, u). Set Q := r + r 21 
and assume that Q G (u© u) © (t) © t>). By v denote the image of r(0) under the 
projection onto © along © u + u © 0. 

Proposition 27. CYB(v) = 0. 

Proof. Let r(0) = Yl<i r 'i® r i e S®0- Decompose = a- + &•, r" = a'-+b", where 
a-, a-' G u, 6-' G 0. Then v = £\ b\ © 6-' G © 0. 

Since r satisfies the CDYBE, we see that CYB(r(0)) G 0©0©u+0©u©0+ 
u © g © g, i.e., the © © o-component of CYB(r (0)) is zero. On the other hand, 
one can calculate directly that the © © 0-component of CYB(r(0)) equals 
CYB(t;) + ELi^, where 

here we denote by x D the 0-component of re G 0. We have to show that Y%=\ Ak = 
0. 

Since r is u-equivariant, we see that r(0) is u-invariant. Now consider any 
a G u. Taking the © 0-component of ad a r(0), we have 

5>,&g„ (s&j' + XVi ©k*a = o. (9) 
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This implies immediately that A2 + A% = 0, A4 + A§ = 0. 

Now notice that the condition Q G (u © u) © (t) © 0) means that a- © b" 

~ Ei °i ® Tnis y ields that 



'•j 



1 -j 



Combining this with (|9]), we see that A\ + A$ = 0. □ 

Remark 28. Suppose (7 G Map (D, G) u , and let r be a classical dynamical r- 
matrix for the pair (g,u). Since r 9 (0) — r(0) G u © g + g © u, we see that the 
® D-components of r(0) and r 9 (0) are the same. Therefore under conditions of 
Proposition |2?| we get a map from -M(g, u, Q) to the set of all classical r-matrices 
for 0. 



Example 29. Let g = sl(n). Suppose f) is the standard Cartan subalgebra in g, 
i.e., the subalgebra of diagonal matrices. Consider a parabolic subalgebra peg 
of the form 

f ( * ... * \ 



> . 



/ 



Let g = id - E ln - E 2n - . . . - E n _ hn G GL(n 
at (i, j)-entry and elsewhere. It is easy to show that g 
space 



where Eij is the matrix that has 1 



f) © gpg as a vector 



see ||11||). Let us apply Proposition [27] to this situation. 
Fix hi, . . . , h n G C such that hi 7^ hj for all i ^ j and + . . . + h n — 0. It 
follows from the results of Etingof and Varchenko [|K| (see also Section 4) that 
there exists a classical dynamical r-matrix r for the pair (g, Fj) such that 

l<i<J<n 



By p denote the projection of g © g onto g(p © p)<? 1 along g © P) + f) © g. Since 



r is skew-symmetric, the conditions of Proposition [27] are obviously satisfied. 
Therefore v := g~ l p{r(0))g is a triangular classical r-matrix for p. It is not hard 
to calculate that 

h^h^ Eij 

l<i<j<n-l J 
n-1 

v l<fc<n, fc^i 



A) A (E 



J'l 



+ 



-A A 



here A = diag (£,...,£, ■ ■ ■ , J) G f) (with at zth place). 
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